This paper studies the proof of Collatz conjecture for some set of sequence of numbers. The extension of this assumed to be the proof of the full conjecture, using the concept of mathematical induction.
Introduction
The Collatz conjecture is an unsolved conjecture in mathematics. It is named after Lothar Collatz, who first proposed it in 1937. The conjecture is also known as the 3n + 1 conjecture, the Ulam conjecture (after Stanislaw Ulam), the Syracuse problem, as the hailstone sequence or hailstone numbers, or as Wondrous numbers per Godel, Escher, Bach. It asks whether a certain kind of number sequence always ends in the same way, regardless of the starting number. The problem is related to a wide range of topics in mathematics, including number theory, computability theory, and the analysis of dynamic systems. Paul Erdos said about the Collatz conjecture, "Mathematics is not yet ready for such problems." He offered $500 for its solution. (Lagarias 1985) 
Statement of the problem
Consider the following operation on an arbitrary positive integer [2] [9]:
• If the number is even, divide it by two.
• If the number is odd, triple it and add one.
f (n) = n/2 if n is even, 3n + 1 if n is odd.
Form a sequence by performing this operation repeatedly, beginning with any positive integer.
• Example: n = 6 produces the sequence This process will eventually reach the number 1, regardless of which positive integer is chosen initially.
Some Examples
• n = 11 produces the sequence 11, 34, 17, 52, 26, 13, 40, 20, 10, 5, 16, 8, 4, 2, 1.
• n = 27 produces the sequence 
Supporting arguments for the conjecture • Experimental evidence[1][7]:
The conjecture has been checked by computer for all starting values up to 19×2 58 ≈ 5.48×10 18
• A probabilistic argument:
One can show that each odd number in a sequence is on average 3/4 of the previous one, so every sequence should decrease in the long run [5] .
This is not a proof because Collatz sequences are not produced by random events.
Proof of collatz analysis for some sequence of numbers
We know that Collatz analysis is true for all numbers in the set {a n : a n = 2 2n or a n = 2 2n−1 , n ∈ N}. Here I want to show that Collatz analysis is true for all numbers in the set {a n : a n = (2k + 1)2 2n or a n = (2k + 1)2 2n−1 , n, k ∈ N}, here we have to be sure that Collatz conjecture becomes collatz Theorem if it is proved for this set. Before the conclusion let's see some sort of sequence of numbers and Collatz analysis is definitely true for these set of sequence of numbers. Let's get started from the following figure and then we will discuss, give some analysis based on our objective on the figure and form one sequence function which contains all numbers in the sequence that shows Collatz analysis is true. Figure 1: Proof of Collatz conjecture for the sequence of numbers {1, 5, 21, 85, · · · }
As you see from the figure we have sequence of numbers {1, 5, 21, 85, · · · }. All elements of this sequence are odd numbers with a 0 = 1, a 1 = 5, a 2 = 21, a 3 = 85, · · · , and
, · · · . The question is how this sequence of numbers formed?. The answer is simple. You can observe that 5 = 1 +2 2 , 21 = 5 +2 4 , 85 = 21 +2 6 , · · · . Therefore the recurrence relation is a n = a n−1 + 2 2n or a n − a n−1 = 2 2n with a 0 = 1 and n ∈ N. Hence we can conclude that collatz analysis is true for all numbers in the set {a n : a n − a n−1 = 2 2n , a 0 = 1 and n ∈ N} If we solve this non-homogeneous recurrence relation we get,
This is the general term for the above sequence of numbers. We might ask "How many number of steps we need to reach to 1 for each number in the above sequence by applying Collatz function?". Here is the answer. For example for n = 0, we have a 0 = 1, therefore according to Collatz conjecture 3(a 0 ) + 1 = 2 2 since a 0 is odd. As you can see from the above figure that we need to have 3 steps, which means 2 + 1 steps. Similarly for a 1 = 5 we need to have 5 steps to reach to 1 since 3(5) + 1 = 2 4 , that is take the exponent of 2 on the right hand side of 3(5) + 1 = 2 4 and add 1, that is, 4 + 1 steps. Thus for a 2 = 21 we need to have 7 steps since 3(21) + 1 = 2 6 and a 3 = 85 needs to have 9 steps since 3(85) + 1 = 2 8 . You can check that this is true for the rest of numbers in the sequence by choosing randomly.
Next what I'm going to do is track another sequence function. The question is how to get this sequence function?. Well, the answer is simple if I draw another figure just like the previous but I have to use the previous figure to draw the next. First of all, for k ∈ N, let me find the least β 1 = a k 2 2n or = a k 2 2n−1 for n = 1 such that β 1 − 1 should be divisible by 3, where a k ∈ {a n : a n − a n−1 = 2 2n , a 0 = 1 and n ∈ N} and (β 1 − 1)/3 will be the initial term for the general term of the next sequence of numbers. So after two or three simple trials you can get that a k = 5 and β 1 = 5(2) = 10 which is the least among others and you can verify that β 1 − 1 = 10 − 1 = 9 which is divisible by 3 and (β 1 − 1)/3 = 3 = a 0 is the initial term for the next sequence function. Now let's see the following figure to be more clear for the next and the previous work. If we solve this non-homogeneous recurrence relation we get,
This is the general term for the above sequence of numbers. We might ask "How many number of steps we need to reach to 1 for each number in the above sequence by applying Collatz function?". Here is the answer. Next, what I'm going to do is, track another sequence function. The question is how to get this sequence function?. Well, the answer is simple if I draw another figure 3 just like the previous but I have to use the previous figures to draw the next. First of all, for k ∈ N, let me find the least β 2 = b k 2 2n or = b k 2 2n−1 for n = 1 such that β 2 − 1 should be divisible by 3, where b k ∈ {b n : b n − b n−1 = 5(2 2n−1 ), b 0 = 3 and n ∈ N} and (β 2 − 1)/3 will be the initial term for the general term of the next sequence of numbers. So after two or three simple trials you can get that b k = 13 and β 2 = 13(2 2 ) = 52 which is the least among others and you can verify that β 2 − 1 = 52 − 1 = 51 which is divisible by 3 and (β 2 − 1)/3 = 17 = b 0 is the initial term for the next sequence function. Now let's see the following figure 3 to be more clear for the next and the previous work.
13
13 (2) 13(2 2 )
13(2 3 )
13( 2 4 ) 13 (2 5 ) 13( 2 6 ) 13( 2 7 ) 13 ( As you can see from figure 3 we have sequence of numbers {17, 69, 277, 1109 · · · }. All elements of this sequence are odd numbers with c 0 = 17, c 1 = 69, c 2 = 277, c 3 = 1109 · · · , and 3(17) + 1 = 13(2 2 ), 3(69) + 1 = 13(2 4 ), 3(277) + 1 = 13(2 6 ), 3(1109) + 1 = 13(2 8 ), · · · . The question is how this sequence of numbers formed?. The answer is simple. You can observe that 69 = 17 + 13(2 2 ), 277 = 69 + 13(2 4 ), 1109 = 277 + 13(2 6 ), · · · . Therefore the general term is c n = a n−1 + 13(2 2n ) or c n − a n−1 = 13(2 2n ) with c 0 = 17 and n ∈ N. Hence we can conclude that Collatz analysis is true for all numbers in the set {c n : c n − c n−1 = 13(2 2n ), c 0 = 17 and n ∈ N} If we solve this non-homogeneous recurrence relation we get,
This is the general term for the above sequence of numbers. We might ask "How many number of steps we need to reach to 1 for each number in the above sequence by applying Collatz function?". Here is the answer. For example, for n = 0, we have c 0 = 17, therefore according to Collatz conjecture 3(17) + 1 = 52 = 13(2 2 ) since c 0 is odd. As you can see from the above figure that we need to have 12 steps, which means 3 + 9 steps, where 3 = 2 + 1 is the exponent of 2 plus 1 from the equation on the right side of 3(c 0 ) + 1 = 52 = 13(2 2 ) and 9 is the number steps needed for 13, so c 0 = 17 needs to have 12 = 9 + 3 number of steps to reach to 1 by applying Collatz function repeatedly. Similarly for c 1 = 69 we need to have 9 + 5 = 14 steps to reach to 1 since 3(69) + 1 = 13( 2 4 ), that is take the exponent of 2 on the right hand side of 3(69) + 1 = 13(2 4 ) and add 1, that is, 4 + 1 steps plus 9 steps. Thus for a 2 = 277 we need to have 16 steps since 3(277) + 1 = 13(2 6 ) and a 3 = 1109 needs to have 18 steps since 3(1109) + 1 = 13(2 8 ). You can check that this is true for the rest of numbers in the sequence by choosing randomly.
Next, what I'm going to do is track another sequence function. The question is how to get this sequence function?. Well, the answer is simple if I draw another picture just like the previous but I have to use the previous pictures to draw the next. First of all, for k ∈ N, let me find the least β 3 = c k 2 2n or = c k 2 2n−1 for n = 1 such that β 3 − 1 should be divisible by 3, where c k ∈ {c n : c n − c n−1 = 13(2 2n ), c 0 = 17 and n ∈ N} and (β 3 − 1)/3 will be the initial term for the general term of the next sequence of numbers. So after two or three simple trials you can get that c k = 17 and β 3 = 17(2 1 ) = 34 which is the least among others and you can verify that β 3 − 1 = 34 − 1 = 33 which is divisible by 3 and (β 3 − 1)/3 = 11 = c 0 is the initial term for the next sequence function. Now let's see the following figure 4 to be more clear for the next and the previous work. As you see from the picture we have sequence of numbers {11, 45, 181, 725 · · · }. All elements If we solve this non-homogeneous recurrence relation we get,
This is the general term for the above sequence of numbers. We might ask "How many number of steps we need to reach to 1 for each number in the above sequence by applying As you can see from figure 5 , we have sequence of numbers {7, 29, 117, 469 · · · }. All elements of this sequence are odd numbers with e 0 = 7, e 1 = 29, e 2 = 117, e 3 = 469 · · · , and 3(7) + 1 = 11(2 1 ), 3(29) + 1 = 11(2 3 ), 3(117) + 1 = 11(2 5 ), 3(469) + 1 = 11(2 7 ), · · · . The question is how this sequence of numbers formed?. The answer is simple. You can observe that 29 = 7 + 11(2 1 ), 117 = 29 + 11(2 3 ), 469 = 117 + 11(2 5 ), · · · . Therefore the recurrence relation is e n = e n−1 + 11(2 2n−1 ) or e n − e n−1 = 11(2 2n−1 ) with a 0 = 7 and n ∈ N. Hence we can conclude that Collatz analysis is true for all numbers in the set {e n : e n − e n−1 = 11(2 2n−1 ), e 0 = 7 and n ∈ N} If we solve this non-homogeneous recurrence relation we get,
This is the general term for the above sequence of numbers. We might ask "How many number of steps we need to reach to 1 for each number in the above sequence by applying Collatz function?". Here is the answer. For example for n = 0, we have e 0 = 7, therefore according to Collatz conjecture 3(7) + 1 = 22 = 11(2 1 ) since e 0 is odd. As you can see from the above figures that we need to have 16 steps, which means 2 + 14 steps, where 2 = 1 + 1 is the exponent of 2 plus 1 from the equation on the right side of 3(e 0 ) + 1 = 22 = 11 (2 1 ) and 14 is the number steps needed for 11, so e 0 = 7 needs to have 16 = 2 + 14 number of steps to reach to 1 by applying Collatz function repeatedly. Similarly for e 1 = 29 we need to have 14 + 4 = 18 steps to reach to 1 since 3(29) + 1 = 11 (2 3 ), that is take the exponent of 2 on the right hand side of 3(29) + 1 = 11(2 3 ) and add 1, that is, 3 + 1 steps plus 14 steps. Thus for e 2 = 117 we need to have 20 steps since 3(117) + 1 = 11 (2 5 ) and e 3 = 469 needs to have 22 steps since 3(469) + 1 = 11(2 7 ). You can check that this is true for the rest of numbers in the sequence by choosing randomly.
Next, what I'm going to do is track another sequence function. The question is how to get this sequence function?. Well, the answer is simple if I draw another figure just like the previous but I have to use the previous figures to draw the next. First of all, for k ∈ N, let me find the least β 5 = e k 2 2n or = e k 2 2n−1 for n = 1 such that β 5 − 1 should be divisible by 3, where e k ∈ {e n : e n − e n−1 = 11(2 2n−1 ), e 0 = 7 and n ∈ N} and (β 5 − 1)/3 will be the initial term for the general term of the next sequence of numbers. So after two or three simple trials you can get that e k = 7 and β 5 = 7(2 2 ) = 28 which is the least among others and you can verify that β 5 − 1 = 28 − 1 = 27 which is divisible by 3 and (β 5 − 1)/3 = 9 = e 0 is the initial term for the next sequence function. Now let's see the following figure 6 to be more clear for the next and the previous work. Figure 6: Proof of Collatz conjecture for the sequence of numbers {9, 37, 149, 597 · · · } combined with the previous figures.
As you can see from figure 6 , we have sequence of numbers {9, 37, 149, 597 · · · }. All elements of this sequence are odd numbers with f 0 = 9, f 1 = 37, f 2 = 149, f 3 = 597 · · · , and 3(9) + 1 = 7(2 2 ), 3(37) + 1 = 7(2 4 ), 3(149) + 1 = 7(2 6 ), 3(597) + 1 = 11(2 8 ), · · · . The question is how this sequence of numbers formed?. The answer is simple. You can observe that 37 = 9 + 7(2 2 ), 149 = 37 + 7(2 4 ), 597 = 149 + 7(2 6 ), · · · . Therefore the recurrence relation is f n = f n−1 + 7(2 2n ) or f n − f n−1 = 7(2 2n ) with f 0 = 9 and n ∈ N. Hence we can conclude that collatz analysis is true for all numbers in the set { f n : f n − f n−1 = 7(2 2n ), f 0 = 9 and n ∈ N} If we solve this non-homogeneous recurrence relation we get,
This is the general term for the above sequence of numbers. We might ask "How many number of steps we need to reach to 1 for each number in the above sequence by applying Collatz function?". Here is the answer. For example for n = 0, we have f 0 = 9, therefore according to Collatz conjecture 3(9) + 1 = 28 = 7(2 2 ) since f 0 is odd. As you can see from the above figure that we need to have 19 steps, which means 3 + 16 steps, where 3 = 2 + 1 is the exponent of 2 plus 1 from the equation on the right side of 3( f 0 ) + 1 = 28 = 7(2 2 ) and 16 is the number steps needed for 7, so f 0 = 9 needs to have 19 = 3 + 16 number of steps to reach to 1 by applying Collatz function repeatedly. Similarly for f 1 = 37 we need to have 16 + 5 = 21 steps to reach to 1 since 3(37) + 1 = 7( 2 4 ), that is take the exponent of 2 on the right hand side of 3(37) + 1 = 7(2 4 ) and add 1, that is, 4 + 1 steps plus 16 steps. Thus for f 2 = 149 we need to have 23 steps since 3(149) + 1 = 7(2 6 ) and f 3 = 597 needs to have 25 steps since 3(597) + 1 = 7(2 8 ). You can check that this is true for the rest of numbers in the sequence by choosing randomly.
Next, what I'm going to do is track another sequence function. The question is how to get this sequence function?. Well, the answer is simple if I draw another figure just like the previous but I have to use the previous pictures to draw the next. First of all, for k ∈ N, let me find the least β 6 = f k 2 2n or = f k 2 2n−1 for n = 1 such that β 6 − 1 should be divisible by 3, where f k ∈ { f n : f n − f n−1 = 11(2 2n−1 ), f 0 = 7 and n ∈ N} and (β 6 − 1)/3 will be the initial term for the general term of the next sequence of numbers. So after two or three simple trials you can get that f k = 29 and β 6 = 29(2 1 ) = 58 which is the least among others and you can verify that β 6 − 1 = 58 − 1 = 57 which is divisible by 3 and (β 6 − 1)/3 = 19 = f 0 is the initial term for the next sequence function. Now let's see the following figure 7 to be more clear for the next and the previous work. Hence we can conclude that Collatz analysis is true for all numbers in the set {g n : g n − g n−1 = 29(2 2n−1 ), g 0 = 19 and n ∈ N} If we solve this non-homogeneous recurrence relation we get,
This is the general term for the above sequence of numbers. We might ask "How many number of steps we need to reach to 1 for each number in the above sequence by applying Collatz function?". Here is the answer. For example for n = 0, we have g 0 = 19, therefore according to Collatz conjecture 3(19) + 1 = 58 = 29(2 1 ) since g 0 is odd. As you can see from the above figures that we need to have 20 steps, which means 2 + 18 steps, where 2 = 1 + 1 is the exponent of 2 plus 1 from the equation on the right side of 3(g 0 ) + 1 = 58 = 29 (2 1 ) and 18 is the number steps needed for 29, so g 0 = 19 needs to have 20 = 2 + 18 number of steps to reach to 1 by applying Collatz function repeatedly. Similarly for g 1 = 77 we need to have 18 + 4 = 22 steps to reach to 1 since 3(77) + 1 = 29( 2 3 ), that is take the exponent of 2 on the right hand side of 3(77) + 1 = 29(2 3 ) and add 1, that is, 3 + 1 steps plus 18 steps. Thus for g 2 = 309 we need to have 24 steps since 3(309) + 1 = 29 (2 5 ) and g 3 = 1237 needs to have 26 steps since 3(1237) + 1 = 29(2 7 ). You can check that this is true for the rest of numbers in the sequence by choosing randomly.
Proof of Collatz conjecture for all positive integers
I have proved Collatz conjecture for numbers in the recurrence relations: a n − a n−1 = 2 2n ; a 0 = 1
e n − e n−1 = 11(2 2n−1 ) ; e 0 = 7
Hence we can propose the following recurrence relations such that Collatz conjecture is true for all k ∈ Z+:
You can easily understand that one recurrence relation is depends on the previous recurrence relation, that is to formulate the next recurrence relation formulae we have to use numbers in the previous recurrence relation formulas. Actually we have discussed this in detail earlier.
Here we have to ask a big question "Is it possible to generalize the above recurrence relations for all α 0 = 2k − 1 = n such that Collatz analysis is true for all k ∈ N, that is, the existence of α 0 = n = 2k − 1 for all k ∈ N where Collatz conjecture is true". If we can show the existence of n = 2k − 1 for all k ∈ N and if we generalize the above recurrence relations that we have discussed above by one recurrence relation formula for all odd natural numbers α 0 = n, then Collatz conjecture becomes Collatz Theorem. Let's get started from the proof of the Theorem that shows the existence of n = 2k − 1 = (β − 1)/3, k ∈ N, where β = 2α k or β = 4α k such that β − 1 is multiple of 3 or divisible by 3 as we have discussed before.
Theorem 1.
If we can find the sequence α k or 2α k for all k ∈ N where β = 2α k or β = 4α k such that β − 1 is a multiple of 3 or divisible by 3, then n = 2k − 1 existed for all k ∈ N.
Proof.
• Case I:
We can also suppose n = 4k Hence we used (s 1 + 1) + (s 2 + 1) + (s 3 + 1) + (s 4 + 1) + · · · + (s k + 1) = s 1 + s 2 + s 3 + · · · + s k + k steps to get 1 for the given number n = 2k − 1, k ∈ N, or we operated Collatz function s 1 + s 2 + s 3 + · · · + s k + k times to get 1 starting from 3n + 1.
